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Abstract
We study the world-volume effective action of an exotic five-brane, known as the M-theory
53-brane (M53-brane) in eleven dimensions. The supermultiplet of the world-volume theory
is the N = (2, 0) tensor multiplet in six dimensions. The world-volume action contains three
Killing vectors kˆM
Iˆ
(Iˆ = 1, 2, 3) associated with the U(1)3 isometry. We find the effective
T-duality rule for the eleven-dimensional backgrounds that transforms the M5-brane effective
action to that of the M53-brane. We also show that our action provides the source term for
the M53-brane geometry in eleven-dimensional supergravity.
1 Introduction
It is known that there are various kinds of extended objects in string theories. Among other things,
D-branes, the most familiar extended objects in superstring theories, have been studied in various
contexts. There are other extended objects such as Kaluza-Klein monopoles (KK5-branes) and
NS5-branes. They are BPS solutions in supergravity theories whose background geometries are
governed by single valued functions of space-time.
A remarkable fact about these branes are that they are related by U-duality in string theories.
U-duality is a key property to understand the non-perturbative definition of string theories, namely,
M-theory. BPS states in d-dimensional supermultiplets obtained from the M-theory compactified
on the (11−d)-dimensional torus T 11−d are interpreted as BPS branes wrapping cycles in the torus.
The BPS branes consist of D-branes, NS5-branes, KK5-branes and waves. They are standard branes
which have been studied extensively. In addition to these branes, in d ≤ 8 dimensions, there are
other extended objects known as exotic branes [1, 2]. The background geometries of the exotic
branes are described by multi-valued functions of space-time and exhibit non-trivial monodromies
given by the U-duality group. This kind of geometry is known as the non-geometric background
and called the U-fold [3].
We have studied exotic five-branes in string theories. In particular, we have studied the exotic
522-brane
1 from the viewpoint of the worldsheet theories [6, 7, 8, 9, 10], the background geometries
as supergravity solutions [11, 12], the supersymmetry conditions [13] and the world-volume theory
[14]. Remarkably, the world-volume theory is the most direct approach to study the dynamics
of extended objects. Applying the T-duality transformation to the NS5-branes twice, we obtain
the world-volume effective action of the 522-brane in type IIB string theory [15] whose dynamics
is governed by the N = (1, 1) vector multiplet in six dimensions. On the other hand, the type
IIA 522-brane contains the 2-form field in the N = (2, 0) tensor multiplet. We derived the effective
action of the type IIA 522-brane [14] from the type IIA NS5-brane whose M-theory origin is the
M5-brane in eleven-dimensions [16].
We know that the BPS extended objects in type IIA string theory have their eleven-dimensional
M-theory origin. The D0-brane is obtained from the M-wave. The F-string and the D2-brane come
from the M2-brane while the NS5-brane and the D4-brane come from the M5-brane. The type
IIA KK5-brane and the D6-brane are obtained by the double/direct dimensional reductions of
the KK6-brane, respectively. The D8-brane and also the KK8-brane is expected to come from
a nine-dimensional object in eleven dimensions [17, 18]. It is also important to study M-theory
origins of exotic branes in string theories. Indeed, there is an exotic five-brane known as the 53-brane
[19, 4, 5] in eleven-dimensional M-theory. We call this the M53-brane in this paper. The M53-brane
has isometries along three transverse directions to its world-volume. The tension of the M53-brane
is proportional to the volume of the torus T 3 realized in the isometry directions. This is just a
generalized KK monopole in eleven dimensions [20]. The supergravity solution associated with
the M53-brane exhibits non-geometric nature whose monodromy is given by the U-duality group
1The 522-brane has two isometries along transverse directions and its tension is proportional to g
−2
s . Here gs is the
string coupling constant. See [2, 4, 5] for the notation of 522.
2
SL(3,Z) × SL(2,Z) in eight dimensions. The direct/double dimensional reductions of the M53-
brane to ten dimensions provide the exotic 522-brane/4
3
3-brane in type IIA string theory. Therefore
the M53-brane is the higher dimensional origin of the type IIA exotic branes. In this paper we
study the world-volume effective action of the exotic M53-brane in eleven dimensions.
The organization of this paper is as follows. In the next section, we introduce the world-volume
effective action of the exotic 522-brane in type IIA string theory. In section 3, we propose the world-
volume effective action of the M53-brane. We will show that the action correctly reproduces the
action of the type IIA 522-brane in ten dimensions. In section 4, we will show that the actions of the
522-brane and M5
3-brane give the source terms of these five-brane geometries. Section 5 is devoted
to the conclusion and discussions.
2 Effective action of type IIA 522-brane
In this section we introduce the world-volume effective action of the exotic 522-brane in type IIA
string theory. The background geometry of the 522-brane is a 1/2-BPS solution to the type IIA
supergravity and the world-volume theory has 16 conserved supercharges. The geometry of the
522-brane exhibits the monodromy given by the SO(2, 2) T-duality group and this is a T-fold.
The world-volume action of the 522-brane is obtained from that of the type IIA NS5-brane by
repeated T-duality transformations. The type IIA NS5-brane is obtained by the direct dimensional
reduction of the M5-brane in eleven dimensions. We start from the effective action of the M5-brane
which has been established in [16]. The supermultiplet of the six-dimensional world-volume theory
on the M5-brane is the N = (2, 0) tensor multiplet. This consists of a 2-form field Aab, five scalar
fields XMˆ (Mˆ = 1, . . . , 5) and their superpartners. The field strength Fabc = ∂aAbc − ∂bAac +
∂cAab (a, b, c = 0, . . . , 5) satisfies the self-duality condition in six dimensions. The effective action
of the M5-brane2, the so-called Pasti-Sorokin-Tonin (PST) action, is
SM5 = − TM5
∫
d6ξ
[√
− det(P [gˆ]ab + iHˆ∗ab) +
√−gˆ
4
(∂aa∂
aa)−1Hˆ∗abcHˆbcd∂aa∂
da
]
+ SWZ, (2.1)
where TM5 =
1
(2π)5M
6
11 is the tension of the M5-brane and M11 is the Planck mass in eleven
dimensions. The symbol P stands for the pull-back of the background fields:
P [gˆ]ab = gˆMN∂aX
M∂bX
N , P [Cˆ(3)]abc = Cˆ
(3)
MNP∂aX
M∂bX
N∂cX
P , (2.2)
where gˆMN (M,N = 0, 1, . . . , 10) and Cˆ
(3) are the metric and the 3-form in eleven-dimensional
supergravity. XM and ξa (a = 0, . . . , 5) are the space-time and world-volume coordinates, respec-
tively. gˆab = P [gˆ]ab is the induced metric on the M5-brane world-volume and gˆ is the determinant
of gˆab. The world-volume indices a, b, c, . . . = 0, . . . , 5 are raised and lowered by the induced metric
gˆab and its inverse, gˆ
ab. We note that the action (2.1) contains a non-dynamical auxiliary field a
which is needed to write down the action for the self-dual field in a Lorentz covariant way. The
world-volume 2-form field Aab enters into the action (2.1) with the following combinations:
Hˆabc = Fabc − P [Cˆ(3)]abc,
2We always consider the actions for the bosonic fields in this paper.
3
Hˆ∗abc =
1
3!
1√−gˆ ε
abcdef Hˆdef ,
Hˆ∗ab =
1√
∂ga∂ga
Hˆ∗abc∂
ca =
1
3!
1√−gˆ
1√
∂ga∂ga
εab
cdefHˆdef∂ca. (2.3)
Here εabcdef is the Levi-Civita symbol. The five scalars X
Mˆ , which appear in the pull-back of
the background fields in the static gauge, represent the transverse fluctuation modes (named the
geometric zero-modes) of the M5-brane in eleven dimensions. The M5-brane action (2.1) has
symmetries of the world-volume U(1) gauge transformations, two field dependent world-volume
gauge transformations and the space-time gauge transformations of the background fields [16, 21,
22]. In the following, we do not consider the Wess-Zumino part SWZ.
We now perform the direct dimensional reduction of the M5-brane action (2.1) to ten dimensions.
We decompose the eleven-dimensional index M = (µ, ♯) where µ = 0, . . . , 9 and ♯ = 10. The former
represents the ten-dimensional space-time, and the latter is the compactified M-circle direction.
The KK ansatz of the eleven-dimensional metric gˆMN and the 3-form Cˆ
(3)
MNP is
gˆMN =

 e− 23φ(gµν + e2φC(1)µ C(1)ν ) e 43φC(1)µ
e
4
3
φC
(1)
ν e
4
3
φ

 , Cˆ(3)µνρ = C(3)µνρ, Cˆ(3)µν♯ = −Bµν . (2.4)
Here gµν is the ten-dimensional metric, φ is the dilaton, C
(1)
µ , C
(3)
µνρ are the R-R 1- and 3-forms.
Applying this dimensional reduction to (2.1), we obtain the action of the type IIA NS5-brane
[23, 14]. The NS5-brane action has symmetries that are inherited from those of the M5-brane. The
world-volume theory of the NS5-brane consists of the four scalar fields XI
′
(I ′ = 1, . . . , 4) which are
the geometric zero-modes, an extra scalar field Y which originates from the geometric zero-mode
along the M-circle direction, a 2-form field whose field strength satisfies the self-duality condition
in six dimensions and an auxiliary field. They comprises the six-dimensional N = (2, 0) tensor
multiplet as expected.
Now we introduce the Killing vector kµ1 associated with the U(1) isometry of the background
fields gµν , Bµν , φ, C
(1), C(3). This U(1) isometry is defined along the transverse direction to the
NS5-brane world-volume. Applying the T-duality transformation to the type IIA NS5-brane action
along this direction, we obtain the effective action of the type IIB KK5-brane [24]. In addition to
the couplings to the background fields in type IIB supergravity, the effective action of the KK5-
brane contains couplings to the Killing vector kµ1 . Geometrically, this corresponds to the isometry
in the Taub-NUT space and there is no geometric zero-mode associated with this direction. The
world-volume theory has three geometric zero-modes together with a scalar mode Y . Since the
world-volume theory of the type IIB KK5-brane is governed by the N = (2, 0) tensor multiplet,
one needs one extra scalar field ϕ1. This naturally appears in the T-duality transformation as
the dual coordinate of the isometry direction. This is nothing but the Lagrange multiplier in the
dualized process in the string world-sheet theory (see Appendix in [14]). We call ϕ1 the winding
zero-mode.
We next introduce the second Killing vector kµ2 associated with the U(1) isometry along an-
other transverse direction to the KK5-brane. By further T-duality transformation, the KK5-brane
4
becomes the type IIA exotic 522-brane. The effective action of the type IIA 5
2
2-brane was derived in
[14]. This is given by
SIIA522
= −T5
∫
d6ξ (det h[2])e−2φ
√
− det(gˇab + λ2(det h[2])−1e2φFˇ (1)a Fˇ (1)b )
×
√
det
(
δab +
ieφ
3!Nˇ
√
(det h[2])(gˇcd∂ca∂da)
Zab
)
− λ
2
4
T5
∫
d6ξ
1
3!Nˇ 2
1
gˇpq∂pa∂qa
εabcdef HˇdefHˇabg∂ca∂ha
[
gˇgh − λ
2e2φgˇgr gˇhsFˇ
(1)
r Fˇ
(1)
s
(det h[2]) + λ2e2φgˇuvFˇ
(1)
u Fˇ
(1)
v
]
,
(2.5)
where λ = 2πα′ is the string slope parameter, and T5 =
1
(2π)5
g−2s α
′−3 is the tension of the NS5-
brane. Here gˇµν is the ten-dimensional metric on which the T-duality transformations with the two
Killing vectors kµ1 , k
µ
2 have been applied. The explicit form of gˇµν is
gˇµν = gµν − 1
2
h[2]IJ
[
{ikIg − (ikIB − λdϕI)}µ {ikJ g + (ikJB − λdϕJ )}ν + (µ↔ ν)
]
, (2.6)
where we have defined the “Killing matrix” h
[2]
IJ = (gµν + Bµν)k
µ
I k
ν
J and its inverse h
[2]IJ (where
I, J = 1, 2). The inner product of an n-form X(n) with a Killing vector kµ is defined by
(ikX
(n))µ1···µn−1 = k
νX
(n)
νµ1···µn−1 . (2.7)
The effective induced metric is defined by gˇab = P [gˇ]ab, and gˇ
ab is the inverse of gˇab. Note that
in the pull-back, we define P [dϕI ]a = ∂aϕI . In the action (2.5), we have defined the following
quantities:
Za
b =
εgbcdef (gˇac + λ
2(deth[2])−1e2φFˇ
(1)
a Fˇ
(1)
c )Hˇdef∂ga
− det(gˇpq + λ2(det h[2])−1e2φFˇ (1)p Fˇ (1)q )
,
Fˇ (1)a = ∂aY + λ
−1P [Cˇ(1)]a,
Nˇ 2 = 1− λ
2e2φ(gˇef Fˇ
(1)
e ∂fa)
2
(gˇab∂aa∂ba)((det h[2]) + λ2e2φgˇcdFˇ
(1)
c Fˇ
(1)
d )
,
Hˇabc = Fabc − P [Cˇ(3)]abc − λ(P [Bˇ] ∧ Fˇ (1))abc. (2.8)
Here Bˇ, Cˇ(1), Cˇ(3) are the NS-NS B-field, R-R 1- and 3-forms on which the T-duality transformations
have been applied. Their explicit forms are
Bˇ = B − 1
2
h[2]IJ {ikIg − (ikIB − λdϕI)} ∧ {ikJ g + (ikJB − λdϕJ)} ,
Cˇ(1) = − ik1ik2C(3) − (ik1ik2B)C(1) + ǫIJ(ikIC(1))(ikJB − λdϕJ ), (2.9)
Cˇ(3) = − ik1ik2C(5) − (ik1ik2B)C(3) + ǫIJ(ikIC(3)) ∧ (ikJB − λdϕJ )
− 1
2
ǫIJC(1) ∧ (ikIB − λdϕI) ∧ (ikJB − λdϕJ)
− 1
2
[
ik1ik2C
(3) + (ik1ik2B)C
(1) − ǫKL(ikKC(1))(ikLB − λdϕL)
]
5
∧ h[2]IJ {ikIg − (ikIB − λdϕI)} ∧ {ikJ g + (ikJB − λdϕJ )} . (2.10)
Here we introduced an antisymmetric symbol ǫIJ = −ǫJI . Since the 522-brane is a defect brane
of co-dimension two [25], there are only two geometric zero-modes in the world-volume action.
Indeed, the effective theory contains two scalar fields X1,X2 in the pull-back of the type IIA
supergravity backgrounds [14]. There are also a scalar field Y which comes from the M-circle
and a 2-form field Aab. In addition, there are two winding zero-modes ϕ1, ϕ2 introduced in the
T-duality process. Since the factor deth[2] contains the volume of the 2-torus T 2, the tension of
the 522-brane is proportional to g
−2
s (vol(T
2)) which is consistent with the definition of the 522-brane.
In our previous paper [14], we have discussed the gauge symmetries of the action (2.5) and its
Wess-Zumino coupling.
The action (2.5) should be obtained from the direct dimensional reduction of the action of the
M53-brane. In the next section, we work out the M53-brane action which is consistent with the
action (2.5).
3 Effective action of M53-brane
In this section, we study the M53-brane effective action in the eleven-dimensional supergravity
background. We concentrate on the purely geometric background where the 3-form field Cˆ(3) is
absent. The effective theory has the following properties. (i) The world-volume theory is governed
by the N = (2, 0) tensor multiplet in six dimensions. The bosonic fields are a 2-form Aab whose
field strength satisfies the self-duality condition, two scalar fields X1,X2 that correspond to the
geometric zero-modes, three scalar fields ϕˆIˆ (Iˆ = 1, 2, 3) that correspond to the dual winding
coordinates and an auxiliary field a. (ii) The background is the eleven-dimensional metric gˆMN
with the U(1)3 isometry. (iii) The M53-brane couples to three Killing vectors kˆM
Iˆ
associated with
the U(1)3 isometry. The effective tension of the M53-brane is proportional to the volume of T 3
where the U(1)3 isometry is realized. (iv) After the direct dimensional reduction to ten dimensions,
the action should reproduce the 522-brane action where the NS-NS B-field and the R-R 3-form C
(3)
are turned off.
In the following, we explore the structure of the M53-brane action in each world-volume field
sector. In particular, we verify that the proposed structure is consistent with the type IIA 522-brane
action.
Geometric zero-mode sector
We begin with the following terms in the first line of the type IIA 522-brane effective action (2.5):
gˇab + λ
2(det h[2])−1e2φFˇ (1)a Fˇ
(1)
b . (3.1)
When C(3) = B = 0, (3.1) becomes
Π[2]µν(k1, k2)∂aX
µ∂bX
ν +
λ2
deth[2]
gµν(k
µ
1 ∂aϕ2 − kµ2 ∂aϕ1)(kν1∂bϕ2 − kν2∂bϕ1)
6
+
λ2e2φ
det h[2]
[
∂aY ∂bY −
{
(ik1C
(1))∂aϕ2 − (ik2C(1))∂aϕ1
}
∂bY −
{
(ik1C
(1))∂bϕ2 − (ik2C(1))∂bϕ1
}
∂aY
+
{
(ik1C
(1))∂aϕ2 − (ik2C(1))∂aϕ1
}{
(ik1C
(1))∂bϕ2 − (ik2C(1))∂bϕ1
} ]
, (3.2)
where Π
[2]
µν(k1, k2) is the projector constructed by k
µ
1 , k
µ
2 :
Π[2]µν(k1, k2) = gµν − h[2]IJ kρIkσJ gµρgνσ . (3.3)
Here h[2]IJ is the inverse of h
[2]
IJ = k
µ
I k
ν
Jgµν . We first look for the M5
3-brane origin of the first term
in (3.2), i.e., the geometric zero-mode sector. Since the M53-brane is a defect brane and has the
U(1)3 isometry in the transverse directions, there are no geometric zero-modes in these directions.
Only two geometric zero-modes which correspond to the two transverse directions appear in the
pull-back. We expect that the two scalar fields associated with the geometric zero-modes are
described by the gauged sigma model [20]. We start from the Nambu-Goto action as the building
block of the M53-brane world-volume action:
S = −TM5
∫
d6ξ
√
− det(gˆMN∂aXM∂bXN ). (3.4)
In order to obtain the gauged sigma model, we introduce an auxiliary world-volume gauge fields
C Iˆa (Iˆ = 1, 2, 3) and gauge covariantize the pull-back in the action (3.4):
DaX
M = ∂aX
M + C Iˆa kˆ
M
Iˆ
. (3.5)
With this covariantization, the isometry of the background metric gˆMN becomes a gauge symmetry
in the world-volume. After integrating out the auxiliary gauge field C Iˆa , the metric gˆMN in (3.4)
becomes
Πˆ
[3]
MN (k) = gˆMN − hˆ[3]IˆJˆ kˆPIˆ kˆ
Q
Jˆ
gˆPM gˆQN . (3.6)
This is a projector which projects out the three geometric zero-modes associated with the isometries.
Here we have defined the 3× 3 Killing matrix hˆ[3]
Iˆ Jˆ
and its inverse hˆ[3]Iˆ Jˆ in eleven dimensions:
hˆ
[3]
Iˆ Jˆ
= gˆMN kˆ
M
Iˆ
kˆN
Jˆ
, hˆ[3]Iˆ Jˆ hˆ
[3]
JˆKˆ
= δIˆ Kˆ . (3.7)
The action (??) contains two geometric zero-modes. As a generalization of the effective action of
the KK6-brane [20], the action of the M53-brane has the overall factor (det hˆ
[3]
Iˆ Jˆ
) which guarantees
the correct tension. Indeed, this factor gives the volume of the torus T 3 when an appropriate
coordinate system for kˆM
Iˆ
is employed. Then the would-be action becomes
S = −TM5
∫
d6ξ (det hˆ[3])
√
− det
(
Πˆ
[3]
MN (k)∂aX
M∂bXN
)
. (3.8)
In order to confirm plausibility of the action (3.8), we perform the direct dimensional reduction of
(3.8) to ten dimensions. We decompose the index M = (µ, ♯) and define the M-circle direction as
X♯ = Y and the corresponding Killing vector kˆM3 = δ
M
♯ . The other Killing vectors kˆ
M
1,2 become
those in the ten-dimensional kµ1,2:
kˆ
µ
I = k
µ
I , kˆ
♯
I = 0, (I, J = 1, 2). (3.9)
7
Then the dimensional reduction of the Killing matrix is given by
hˆ
[3]
Iˆ Jˆ
=

 e− 23φ(gµν + e2φC(1)µ C(1)ν )kµI kνJ e 43φC(1)µ kµI
e
4
3
φC
(1)
µ k
µ
J e
4
3
φ

 . (3.10)
We can show that the dimensional reduction of the overall volume factor of T 3 is evaluated as
det hˆ[3] = deth[2]. (3.11)
We note that the R-R 1-form C(1) and the dilaton dependence cancel out in the dimensional
reduction of det hˆ[3].
We next calculate the dimensional reduction of the projector Πˆ
[3]
MN . Using the fact that Πˆ
[3]
MN
is the projector along X♯ = Y direction and the reduction rule for the inverse of the matrix (3.10),
we find
Πˆ
[3]
MN (k)∂aX
M∂bX
N = e−
2
3
φΠ[2]µν(k1, k2)∂aX
µ∂bX
ν . (3.12)
Again, except for the overall dilaton factor e−
2
3
φ, the R-R 1-form C(1) and the dilaton dependence
cancel out in the reduction. Then we find that the direct dimensional reduction of (3.8) is given by
−T5
∫
d6ξe−2φ(det h[2])
√
− det
(
Π
[2]
µν(k1, k2)∂aXµ∂bXν
)
, (3.13)
where we have used the relation T5 = TM5. The action (3.13) is nothing but the geometric zero-
modes sector of the first line in (2.5) where the B-field and the R-R 3-form C(3) are turned off.
We note that the correct volume factor of the torus T 2 and the dilaton factor e−2φ emerges in the
action.
Winding zero-modes sector
We next consider the winding zero-mode sector. Since Πˆ
[3]
MN (k)∂aX
M∂bX
N contains only two scalar
fields, we need three extra scalar fields ϕˆIˆ (Iˆ = 1, 2, 3) for the N = (2, 0) tensor multiplet. They are
interpreted as winding zero-modes of membranes wrapped on the three torus T 3 [26, 27]. In order
to see how these scalar fields appear in the M53-brane action, we examine the terms that contain
two winding zero-modes ϕ1, ϕ2 and the M-circle scalar Y in (3.2). Since the ten-dimensional metric
gµν and the R-R 1-form C
(1) come from the eleven-dimensional metric gˆMN , we expect that the
higher dimensional origin of the terms that contain (ϕ1, ϕ2, Y ) in (3.2) is given by
Iab =
1
det hˆ[3]
gˆMN (kˆ
M
Iˆ
∂aϕˆ
Iˆ)(kˆN
Jˆ
∂bϕˆ
Jˆ ). (3.14)
In order to confirm this proposal, we perform the direct dimensional reduction of the term (3.14).
Using the KK ansatz (2.4) of the metric, we find
Iab =
λ2
deth[2]
e−
2
3
φgµν(k
µ
1 ∂aϕ2 − kµ2 ∂aϕ1)(kν1∂bϕ2 − kν2∂bϕ1)
8
+
λ2
deth[2]
e
4
3
φ
{
(ik1C
(1))∂aϕ2 − (ik2C(1))∂aϕ1
}{
(ik1C
(1))∂bϕ2 − (ik2C(1))∂bϕ1
}
− λ
2
deth[2]
e
4
3
φ
{
(ik1C
(1))∂aϕ2 − (ik2C(1))∂aϕ1
}
∂bY
− λ
2
deth[2]
e
4
3
φ
{
(ik1C
(1))∂bϕ2 − (ik2C(1))∂bϕ1
}
∂aY
+
λ2
deth[2]
e
4
3
φ∂aY ∂bY, (3.15)
where we have identified the three scalars and the winding zero-modes as ϕˆIˆ = λ(ϕ2,−ϕ1,−Y ).
This precisely reproduces the (ϕ1, ϕ2, Y ) terms in (3.2) except for the overall dilaton factor. In the
determinant of the 6× 6 matrix Iab, we extract the dilaton factor e− 23φ and leave it outside of the
square root. Then the overall factor of the action becomes e−2φ which gives the correct tension of
the 522-brane. Therefore we have confirmed that the (ϕ1, ϕ2, Y ) terms in (3.2) emerge from (3.14).
Then the geometric and the winding zero-mode sectors of the M53-brane action are given by
S = −TM5
∫
d6ξ (det hˆ[3])
√
− det
(
Πˆ
[3]
MN (k)∂aX
M∂bXN +
1
det hˆ[3]
gˆMN (kˆMIˆ
∂aϕˆIˆ)(kˆNJˆ
∂bϕˆJˆ)
)
.
(3.16)
Gauge and auxiliary fields sector
Next, we study the gauge field sector in the M53-brane action. This is the eleven-dimensional origin
of the second line in (2.5). In the type IIA 522-brane action, the 2-form gauge field Aab contributes
to the following terms
δab +
ieφ
3!Nˇ
√
(det h[2])(gˇcd∂ca∂da)
Za
b, (3.17)
where Za
b and Nˇ are defined in (2.8). We first look for the higher dimensional origin of Zab. From
the discussion in the geometric and the winding zero-mode sectors, we know that the following
quantity in eleven-dimensions
Gˆab = Πˆ
[3]
MN (k)∂aX
M∂bX
N +
1
det hˆ[3]
gˆMN (kˆ
M
Iˆ
∂aϕˆ
Iˆ)(kˆN
Jˆ
∂bϕˆ
Jˆ) (3.18)
is dimensionally reduced to
Gˆab = e
−
2
3
φ
(
gˇab + λ
2(det h[2])−1e2φFˇ (1)a Fˇ
(1)
b
)
. (3.19)
We therefore expect that the M53-brane counterpart of Za
b is given by
Zˆa
b =
εgbcdef GˆacHˆdef∂ga√
− det Gˆ
. (3.20)
Here Hˆabc should be dimensionally reduced to Hˇabc in the type IIA 522-brane action. We find this
is given by
Hˆabc = Fabc + 3!G3[a∂bϕˆ1∂c]ϕˆ2 + 3!
∑
I=1,2
hˆ[3]1IGI[a∂bϕˆ2∂c]ϕˆ3 − 3!
∑
I=1,2
hˆ[3]2IGI[a∂bϕˆ3∂c]ϕˆ1, (3.21)
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where we have defined
GIa = (ikI gˆ)a −
hˆ
[3]
I3
kˆ23
(ik3 gˆ)a, (I = 1, 2),
G3a = ∂aϕˆ3 + 1
kˆ23
(ik3 gˆ)a. (3.22)
Here kˆ23 = gˆMN kˆ
M
3 kˆ
N
3 . Now, it is straightforward to confirm that Zˆa
b is dimensionally reduced to
Za
b in the following way,
Zˆa
b = e
4
3
φZa
b. (3.23)
We next examine the factor Nˇ
√
(det h[2])(gˇcd∂ca∂da) in (3.17). The matrix gˇ
ab is the inverse of the
following effective induced metric:
gˇab = Π
[2]
µν(k1, k2)∂aX
µ∂bX
ν +
λ2
deth[2]
gµν(k
µ
1 ∂aϕ2 − kµ2 ∂aϕ1)(kν1∂bϕ2 − kν2∂bϕ1). (3.24)
It is convenient to consider the following quantity rather than the induced metric itself:
gˇab +
λ2e2φ
det h[2]
Fˇ (1)a Fˇ
(1)
b . (3.25)
The inverse of the above matrix is evaluated as
gˇab − λ
2e2φFˇ
(1)
c Fˇ
(1)
d gˇ
acgˇbd
(deth[2]) + λ2e2φFˇ
(1)
e Fˇ
(1)
f gˇ
ef
. (3.26)
We have already observed that the eleven-dimensional origin of (3.25) is (3.18) except for the
dilaton factor. Therefore the eleven-dimensional origin of (3.26) is the inverse of Gˆab, namely, we
see that gˇab comes from Gˆab. With these observations, we expect that the eleven-dimensional origin
of gˇab∂aa∂ba and Nˇ in (3.17) is given by Gˆab∂aa∂ba. Indeed, the dimensional reduction of this term
gives
Gˆab∂aa∂ba = e
2
3
φ(gˇab∂aa∂ba)
[
1− λ
2e2φ(gˇcd∂caFˇ
(1)
d )
2
(gˇef∂ea∂fa)(det h[2] + λ2e2φgˇghFˇ
(1)
g Fˇ
(1)
h )
]
= e
2
3
φ(gˇab∂aa∂ba)Nˇ 2. (3.27)
Note that the dilaton factor e
2
3
φ which appears in (3.27), together with the factor e
4
3
φ in (3.23),
reproduces the correct factor eφ in (3.17). Then we conclude that the eleven-dimensional origin of
(3.17) is
δa
c +
i
3!
√
det hˆ[2]
1√
Gˆgh∂ga∂ha
εgbcdef GˆabHˆdef∂ga√
− det Gˆ
. (3.28)
Finally, we look for the eleven-dimensional origin of the third line in (2.5). Using the induced
metric Gˆab, it is straightforward to show that the following term
−1
4
TM5
∫
d6ξ
1
3!
1
Gˇgh∂ga∂ha
εabcjklHˆjklHˆbcd∂aa∂ea Gˆde (3.29)
reproduces the third line in (2.5).
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Effective action of M53-brane
Collecting everything altogether, we conclude that the effective action of the exotic M53-brane in
the eleven-dimensional background gˆMN is obtained as
S53 = − TM5
∫
d6ξ (det hˆ[3])
√
− det Gˆ
√√√√det(δac + i
3!
√
det hˆ[3]
1√
Gˆgh∂ga∂ha
εgbcdef GˆabHˆdef∂ga√
− det Gˆ
)
− 1
4
TM5
∫
d6ξ
εabcjklGˆdeHˆjklHˆbcd∂aa∂ea
3!Gˆgh∂ga∂ha
. (3.30)
Here the induced metric Gˆab is defined by
Gˆab = Πˆ
[3]
MN (k)∂aX
M∂bX
N +
1
det hˆ[3]
gˆMN (kˆ
M
Iˆ
∂aϕˆ
Iˆ)(kˆN
Jˆ
∂bϕˆ
Jˆ). (3.31)
The action contains all the fields in the N = (2, 0) tensor multiplet and the auxiliary field and
couplings to the three Killing vectors kˆM
Iˆ
associated with the U(1)3 isometry. In an appropriate
coordinate system, it is obvious that the det hˆ[3] gives the volume of the 3-torus T 3 in which the
U(1)3 isometry is realized. Therefore, the effective tension of the M53-brane is correctly reproduced
in the action. We have also confirmed that the action (3.30) precisely reproduces the type IIA 522-
brane action (2.5) after the direct dimensional reduction.
Since the M5- and the M53-branes solutions are related by the U-duality [19], it is worthwhile
to examine the relation between the action of the M53-brane (3.30) and that of the M5-brane (2.1).
If we redefine the induced metric Gˆab as
Gˆ′ab = (det hˆ
[3])
1
3 Gˆab, (3.32)
the effective action (3.30) is rewritten as
S53 = − TM5
∫
d6ξ
√√√√− det(Gˆ′ab + i3! 1√−Gˆ′
1√
Gˆ′gh∂ga∂ha
εabcdefHˆdef∂ca
)
− 1
4
TM5
∫
d6ξ
εabcjklGˆ′deHˆjklHˆbcd∂aa∂ea
3!Gˆ′gh∂ga∂ha
. (3.33)
Here all the indices in the world-volume are raised and lowered by Gˆ′ab and its inverse Gˆ
′ab. The
action (3.33) is nothing but the PST action (2.1) for the M5-brane in which the induced metric
gˆab and Hˆabc are replaced by Gˆ
′
ab and Hˆabc respectively. Exploiting this fact, we find the following
effective T-duality rule in eleven dimensions:
P [gˆMN ]ab
T−−−−−→
k1,k2,k3
(det hˆ[3])
1
3
(
Πˆ
[3]
MN (k)∂aX
M∂bX
N +
1
det hˆ[3]
gˆMN (kˆ
M
Iˆ
∂aϕˆ
Iˆ)(kˆN
Jˆ
∂bϕˆ
Jˆ)
)
,
Hˆabc
T−−−−−→
k1,k2,k3
Hˆabc, (3.34)
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where Hˆabc is the 3-form in (3.21). With this result in hand, it is obvious that the symmetries of
the PST action [16] is carried over to the M53-brane action (3.30).
We note that the T-duality transformations (3.34) are obtained by first compactifying along
the M-circle direction, then performing the repeated T-duality transformations in type IIA theory,
then uplifting to eleven dimensions. Therefore the formula (3.34) should be deduced from the
SL(3,Z)× SL(2,Z) U-duality transformations in the based eight-dimensional theory.
4 Source terms of the exotic five-branes
In this section, we investigate the equations of motion for supergravity theories in the presence of
the exotic branes. We will show that the world-volume effective action (3.30) provides the delta
function source of the geometry near the core of the brane. The analysis presented here is analogous
to that for the KK6-brane [20]. Before we discuss the exotic M53-brane in eleven dimensions, let
us begin with the 522-brane solution in ten-dimensional supergravity.
4.1 Source terms of the exotic 522-brane
Since the exotic 522-brane is a solution to the NS-NS sector of type II supergravities [19, 4, 5], we
consider the following bulk supergravity action in the Einstein frame:
S10bulk =
1
κ2
∫
d10x
√
−gE
(
R− 1
2
∂µφ∂
µφ− 1
12
e−φHµνρH
µνρ
)
, (4.1)
where κ is the gravitational constant in ten dimensions and gEµν is the metric in the Einstein frame
which is defined through the metric in the string frame by gEµν = e
−φ/2gµν . R is the Ricci scalar
constructed by gEµν , and Hµνρ is the field strength of the B-field. To make contact with the exotic
522-brane solution, we consider the following ansatz:
ds2522
= dx2012345 +Hdx267 +
H
K
{
(dx8)2 + (dx9)2
}
, (4.2a)
K = H2 + ω2, e2φ = HK , BMN =


B89 = −ωK ,
0 (otherwise) ,
(4.2b)
where, the 522-brane world-volume is extended along the 012345-directions. The functions H and ω
depend only on the transverse directions x6 and x7:
H = H(x6, x7) , ω = ω(x6, x7) . (4.3)
The U(1)2 isometry is taken along the 89-directions. The derivative of H is related to the derivative
of ω in the following way:
H,6 = ω,7, H,7 = −ω,6, (4.4)
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where H,m implies the derivative of H with respect to xm, i.e., H,m = ∂mH. This relation comes
from the Dirac monopole equation. We will find that H is a harmonic function on the 67-plane by
solving the equation of motion for each field.
The variations of the bulk action (4.1) with respect to the dilaton and the metric gEµν together
with the ansatz (4.2) are evaluated to be
δS10bulk
∣∣∣
φ
=
1
κ2
∫
d10x
√
−gE
{
1
2K2
(K
H
) 7
4
(
1− 2H
2
K
)
(H,66 +H,77)
}
δφ , (4.5a)
δS10bulk|gEµν = −
1
κ2
∫
d10x
√
−gEGµν δgEµν , (4.5b)
Gµν =


Gab =
ηab
2H2K2
√
H
K
{
− 2K(H,6K,6 +H,7K,7) +H(K2,6 +K2,7) +K2(H,66 +H,77)
}
,
GIJ =
δIJ
2K3
(K
H
) 3
2{
−K2,6 −K2,7 +K(K,66 +K,77)
}
,
0 (otherwise) ,
(4.5c)
where Gµν is the Einstein tensor whose indices are decomposed into three parts, i.e.,
µ, ν = 0, 1, . . . , 9 , a, b = 0, 1, . . . , 5 , m, n = 6, 7 , I, J = 8, 9 . (4.6)
We notice that the index I runs 1 and 2 in the previous section, which merely implies the counting
the number of the Killing vectors. Here I denotes the 8- or 9-th direction in the ten-dimensional
spacetime. We emphasize that the equation of motion for the B-field in the bulk supergravity
action (4.1) is trivially satisfied due to the relation (4.4).
We now introduce the type IIA 522-brane action (2.5) to the bulk action (4.1). The total action
we consider is
S = S10bulk + S
IIA
522
. (4.7)
Since we are interested in the NS-NS sector, we remove all the R-R fields in the action (2.5).
We also ignore the fluctuations of the world-volume fields Y , ϕI and Aab because they are small
perturbations to the geometry. Then, we find Hˇabc = 0. Therefore, only the non-trivial part of the
action (2.5) is
SIIA522
= −T5
∫
d6ξ (det h[2])e−2φ
√
− det gˇab, (4.8)
where the T-dualized metric is evaluated as
gˇab = gab − 1
2
h[2]IJ
{
(ikIg − ikIB)a(ikJ g + ikJB)b + (a↔ b)
}
. (4.9)
From now on, we employ the static gauge where the world-volume coordinates ξa are identified with
the space-time coordinates Xa. The pull-back of a bulk field Φµν in the action (4.8) is evaluated as
P [Φ]ab = Φab +Φam∂bX
m +Φmb∂aX
m +Φmn∂aX
m∂bX
n. (4.10)
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We note that the fluctuation modes XI along the isometry directions have been identified with the
winding modes ϕ1, ϕ2 which are removed from the action (2.5). We now consider the configuration
Xm = 0 and take the Killing vectors as
k
µ
1 = δ
µ
8 , k
µ
2 = δ
µ
9 . (4.11)
Then, using the ansatz (4.2) for the 522-brane background, the pull-back of ikIB vanishes and we
are left with the pull-back of the following quantity:
gˇµν = gµν − h[2]IJkρIkσJgµρgνσ = Π[2]µν(k1, k2), (4.12)
where h
[2]
IJ is the Killing matrix including the B-field.
Consequently, the variations of the action (4.8) with respect to the dilaton, the B-field and the
metric gEµν are calculated to be
δSIIA522
|φ = −T5
∫
d6ξ
{
− 1
2
(det h[2]) +
(H
K
)2}
e−2φ δφ, (4.13a)
δSIIA522
|gEµν = −T5
∫
d6ξ e−
3
2
φ(det h[2])
{
k
µ
I k
ν
J(h
[2]JI +
1
2
ηabδµa δ
ν
b )
}
δgEµν , (4.13b)
δSIIA522
|Bµν = −T5
∫
d6ξ
{
e−2φ(deth[2])h[2]JIkµI k
ν
J
}
δBµν . (4.13c)
Now, we evaluate the equations of motion derived from the total action (4.7). The equation of
motion for the dilaton is obtained from (4.5a) and (4.13a):
1
2K2
(K
H
) 7
4
(
1− 2H
2
K
)
(H,66 +H,77) = κ
2√
−gE
T5 δ
2(x)e−2φ
[
−1
2
(det h[2]) +
(H
K
)2]
. (4.14)
Here the delta function source in the right hand side comes from the second term in (4.7). Taking
into account the static gauge, the determinant factor det h[2] is evaluated as
deth[2] =
H2
K2 +B
2
89 =
1
K . (4.15)
Inserting the result to (4.14), the equation becomes
(H,66 +H,77) = −κ2T5δ2(x). (4.16)
The equation (4.16) is nothing but the Poisson equation in two dimensions. This equation is solved
as
H = H0 + κ
2T5
2π
log
µ
ρ
, ρ2 = (x6)2 + (x7)2, (4.17)
where H0 and µ are the integration constants. This is the two-dimensional harmonic function.
Since there is the relation (4.4), the function ω is given by
ω = −κ
2T5
2π
tan−1
(x7
x6
)
. (4.18)
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The functions (4.17) and (4.18) correctly reproduce the known exotic 522-brane solution [4, 5]. We
stress that the world-volume effective action (2.5) provides the delta function source in the equation
(4.16) and the solution (4.2) is valid deep inside the core of the brane geometry. The equations of
motion for the metric (4.5b) and (4.13b) give the same result. We also note that the equation of
motion for Xm is automatically satisfied by the configuration Xm = 0.
For the equation of motion for the B-field, the contribution from the bulk action (4.1) vanishes
but that from the world-volume action (4.13c) is not zero. The resolution to this puzzle lies in the
logarithmic behaviour of the harmonic function (4.17). Since the harmonic function H is a part of
the metric components, this should be a positive definite function. This implies that the solution
(4.2) is well-defined only for the region ρ≪ µ, namely, near the core of the brane. We can see the
consistency of this picture as follows. Let us consider the (8,9) component of the equation (4.13c):
(det h[2])h[2]JIk8Ik
9
J = B89 = −
ω
K . (4.19)
When we take the near brane limit ρ→ 0, this term becomes zero because H and ω are defined in
(4.17) and (4.18):
lim
ρ→0
(B89) = lim
ρ→0
(
− ωK
)
= lim
ρ→0
(
− ωH2 + ω2
)
= 0. (4.20)
The other components of (4.13c) also become zero by the near brane limit:
lim
ρ→0
(H
K
)
= lim
ρ→0
( H
H2 + ω2
)
= lim
ρ→0
( 1
H
)
= 0, (4.21a)
lim
ρ→0
(B89) = lim
ρ→0
(
− ωK
)
= lim
ρ→0
(
− ωH2 + ω2
)
= 0. (4.21b)
From these facts, we conclude that the equation of motion for the B-field is satisfied only near the
brane. This is consistent with the fact that the exotic brane solutions are valid only near the brane
[4, 5]. We can show that the same conclusion holds even for the type IIB 522-brane action [15, 14].
4.2 Source terms of the exotic M53-brane
Finally, we study the world-volume action of the M53-brane (3.30) as the source of the background
geometry of the M53-brane in M-theory. The bulk supergravity action in eleven dimensions is given
by
S11bulk =
1
κ211
∫
d11x
√
−gˆ
(
Rˆ− 1
48
FˆMNPQFˆMNPQ
)
, (4.22)
where κ11 is the gravitational constant in eleven dimensions, gˆ is the determinant of the eleven-
dimensional metric gˆMN , Rˆ is the Ricci scalar defined by gˆMN , and FˆMNPQ is the field strength of
the 3-form field Cˆ(3). We first take a look at the structure of the equations of motion derived from
the bulk action (4.22). We consider the following ansatz for the M53-brane solution [19, 4, 5]:
ds211 = A
{
dx2012345 +H
(
(dx6)2 + (dx7)2
)
+
H
Kdx
2
89♯
}
, (4.23a)
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A =
(K
H
) 1
3
, K = H2 + ω2, FˆMNPQ = +εMNPQX∂X
(H
K
)
, (4.23b)
where εMNPQX is the Levi-Civita symbol whose normalization is ε6789♯ = +1. Again the functions
H and ω depend only on the coordinates (x6, x7), and they are subject to the relation (4.4). Using
the ansatz (4.23), the variation of the action (4.22) with respect to the metric is
δS11bulk
∣∣∣
gMN
= − 1
κ211
∫
d11x
√
−gˆ GMN δgˆMN , (4.24a)
GMN =


Gab =
ηab
2H2
(H
K
) 2
3
(H,66 +H,77) ,
GIˆ Jˆ =
δIˆ Jˆ
H
(H
K
) 2
3
(H,66 +H,77) ,
0 (otherwise) ,
(4.24b)
where GMN is the Einstein tensor in eleven dimensions. Here we again split the eleven-dimensional
indices as follows:
M,N = 0, 1, . . . , 9, ♯ , a, b = 0, 1, . . . , 5 , m, n = 6, 7 , Iˆ, Jˆ = 8, 9, ♯ . (4.25)
The equation of motion for the 3-form field Cˆ
(3)
MNP is trivial under the ansatz (4.23b):
δS11bulk
∣∣∣
C
(3)
MNP
= 0 . (4.26)
We next introduce the M53-brane world-volume action obtained in (3.30) and consider the total
action
S = S11bulk + S53 . (4.27)
We ignore the scalar fields ϕˆ1,2,3, and the 2-form field Aab, then the action (3.30) is reduced to
S53 = −TM5
∫
d6ξ(det hˆ[3])
√
− det Gˆab , (4.28a)
Gˆab = Πˆ
[3]
MN (k)∂aX
M∂bX
N . (4.28b)
Since the action contains only the metric gˆMN and the geometric zero-modes X
M on the brane,
the action has no contribution to the field equation for the 3-form field Cˆ(3).
Following the analysis made in the 522-brane case, we employ the static gauge and remove the
geometric zero-modes
ξa = Xa, Xm = 0. (4.29)
We take the Killing vectors as
kˆM1 = δ
M
8 , kˆ
M
2 = δ
M
9 , kˆ
M
3 = δ
M
♯ . (4.30)
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Furthermore, using the ansatz (4.23), hˆ
[3]
Iˆ Jˆ
, Gˆab and
√
− det Gˆ are explicitly given as
hˆ
[3]
Iˆ Jˆ
= AHK δIJ , Gˆab = gˆab
√
− det Gˆ = KH . (4.31)
By virtue of the static gauge (4.29) and the above reduction, we derive the equations of motion
for the metric and the geometric zero-modes XM from the world-volume action (4.28a). Since the
equation of motion for XM becomes trivial under the condition (4.29), it is enough to check the
equation of motion for the metric. The variation of the action (4.28a) with respect to the metric
gˆMN together with the ansatz (4.23) is calculated to be
δS53 = −TM5
∫
d6ξ
{(H
K
) 1
3
kˆM
Iˆ
kˆN
Jˆ
δIˆ Jˆ +
1
2
(H
K
) 4
3
ηabδMa δ
N
b
}
δgˆMN . (4.32)
Combining the results (4.24a) and (4.32), we obtain the equation of motion derived from the total
action (4.27) as
GMN = −κ
2
11TM5√−gˆ
{(H
K
) 1
3
kˆM
Iˆ
kˆN
Jˆ
δIˆ Jˆ +
1
2
(H
K
) 4
3
ηabδMa δ
N
b
}
δ2(x) . (4.33)
The non-zero quantities of the above equation are divided into two parts. First, we consider the
case for (M,N) = (Iˆ , Jˆ). In this case, the left- and the right-hand sides of the equation (4.33) are
calculated as
(LHS) =
1
H
(H
K
) 2
3
(H,66 +H,77)δIˆ Jˆ , (4.34a)
(RHS) = −κ
2
11TM5
H
(H
K
) 2
3
δ2(x)δIˆ Jˆ . (4.34b)
These two equations imply that the function H satisfies the following equation:
(H,66 +H,77) = −κ211TM5δ2(x). (4.35)
The equation (4.35) is the same as the differential equation which we found in (4.16), and the
function H is solved as
H = H0 + κ
2
11TM5
2π
log
µ
ρ
, ρ2 = (x6)2 + (x7)2. (4.36)
The result correctly reproduces the known solution of the M53-brane. The delta function in (4.35),
which comes from the second term in (4.27), allow the solution to be defined at the core of the
brane geometry. Next, we consider the case for (M,N) = (a, b). The left- and the right-hand sides
of (4.33) are
(LHS) =
1
2H2
(H
K
) 2
3
(H,66 +H,77)ηab , (4.37a)
(RHS) = −κ
2
11T53
2K
(H
K
) 2
3
ηabδ2(x) . (4.37b)
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Then we find the following equation:
(H,66 +H,77) = −κ211TM5
H2
K δ
2(x). (4.38)
This equation is slightly different from (4.35). At first sight, the equations (4.35) and (4.38) look
inconsistent. However, we have encountered the same situation in the type IIA 522-brane case. We
should take care of the validity of the solution. The logarithmic behaviour of the harmonic function
(4.36) indicates that the solution becomes the most rigorous at the core of the brane geometry.
Indeed, when we take the near brane limit ρ→ 0, then the equation (4.38) is drastically simplified:
lim
ρ→0
H2
K = limρ→0
H2
H2 + ω2 =
H2
H2 = 1. (4.39)
Thus, we conclude that (4.38) is equal to (4.35) with the near brane limit and the function H again
reproduces the M53-brane solution.
From these results, we conclude that the world-volume action of the M53-brane is the source of
the M53-brane.
5 Conclusion and discussions
In this paper we studied the world-volume effective action of the exotic five-brane, which we call
the M53-brane, in eleven dimensions. The background geometry of the M53-brane is an U-fold in
eleven dimensions which has three isometry directions in the transverse space to the world-volume.
The world-volume fields in the action consists of the six-dimensional N = (2, 0) tensor multiplet,
including two geometric zero-modes, three scalar fields, a self-dual field and their superpartners.
The action contains three Killing vectors kM
Iˆ
(Iˆ = 1, 2, 3) associated with the U(1)3 isometry.
We showed that the direct dimensional reduction of the M53-brane action reproduces that of the
exotic 522-brane in type IIA string theory. We found that the world-volume effective action of
the M53-brane is obtained from that of the M5-brane by the T-duality transformation of the
background fields. We explicitly wrote down the effective T-duality rule in eleven dimensions. The
transformation is generated by a subgroup of the SL(3,Z) × SL(2,Z) U-duality group.
We also demonstrated that our action (3.30) provides the source term of the M53-brane geometry
near the core of the brane. The det hˆ[3] factor, which is necessary for the appropriate tension, plays
a crucial role in the supergravity equation of motion. Although the exotic branes are non-geometric
objects [3, 4, 5], these results reflect the fact that the exotic branes are genuine “branes” where
something of the energy lump is localized around the center of the brane geometry. However, we
showed that the source description is available only near the core of the brane geometry. This is
conceivable since the exotic 522-brane is not well-defined as a stand alone object [4, 5]. In order to
construct the asymptotically flat solution, we need to consider other duality branes simultaneously
in addition to the 522-brane. Indeed, the solution (4.2) is just the near center limit to the 5
2
2-
brane of the asymptotically flat solution [28]. The integration constant µ is the cutoff scale where
the solution fail to describe the isolated brane. The same is true for the exotic M53-brane. The
18
logarithmic behavior of the harmonic function indicates that the solution (4.23) is valid only near
the core of the brane.
A few comments are in order. We found the effective action of the M53-brane in the purely
geometric background, namely, the background field is only the metric. It is important to find the
coupling to the supergravity 3-form field (C-field). We encountered the terms including GIa which
come from the T-duality transformation of the C-field. The three Killing vectors kˆM
Iˆ
in (3.21) do
not appear on an equal footing. Since the T-duality transformation of the C-field becomes quite
non-linear, it is not straightforward to write it down in a covariant fashion. In this paper, we
worked out only the T-duality subgroup of the SL(3,Z)×SL(2,Z) U-duality group and the Killing
vectors are always in the transverse directions to the brane world-volume. Therefore our action
(3.30) never knows about the exotic 433-brane which should be obtained by the double dimensional
reduction of the M53-brane. In order to construct the complete action of the M53-brane, one needs
full of the SL(3,Z)×SL(2,Z) U-duality transformation rule. The exceptional field theory approach
[29, 30, 31, 32, 33, 34, 35, 36, 37] may be helpful in this direction. The Wess-Zumino part of the
action is also important. Since the exotic branes are sources of the non-geometric fluxes [38, 39, 40],
the Wess-Zumino term of the M53-brane action contains couplings of the non-geometric flux to the
M53-brane. We will come back to these issues in future studies.
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